ABSTRACT. Let P (m) denote the greatest prime factor of m. For integer a > 1, M. Ram Murty and S. Wong proved that, under the assumption of the ABC conjecture, P (a n − 1) ≫ ǫ,a n 2−ǫ for any ǫ > 0. We study analogues results for the corresponding divisibility sequence over the function field F q (t) and for some divisibility sequences associated to elliptic curves over the rational field Q.
INTRODUCTION AND RESULTS
Let P (m) denote the greatest prime factor of the integer m. Several authors investigated the size of P (2 n − 1). In [12, Lemma 3] Schinzel proved that P (2 n − 1) ≥ 2n + 1, for n ≥ 13.
In 1965, Erdős [3, p. 218 ] conjectured that
This conjecture has been recently resolved by Stewart [16] . More generally, for integers a > b > 0, one can consider lower bounds in terms of n for P (a n −b n ). The first general result on this problem is due to Zsigmondy [18] and independently to Birkhoff and Vandiver [2] who showed that P (a n − b n ) ≥ n + 1.
The best known result on this problem is the recent result of Stewart [16, Formula (1.8) ] that states P (a n − b n ) ≥ n 1+ 1 104 log log n , for n sufficiently large in terms of the number of distinct prime factors of ab. Note that the above lower bound for a = 2 and b = 1 implies Erdős' conjecture. We expect that P (a n − b n ) be much larger than n 1+ǫ(n) , where ǫ(n) → 0 as n → ∞. Here we describe a heuristic argument in support of this claim. To simplify our notation, we now focus on a n − 1. Similar observations hold for the sequence a n − b n . We write a n −1 = u n v n , where u n is power-free (square-free) and v n is power-full (the exponent of prime divisors of v n in the prime factorization of v n are greater than 1). Now if we denote the number of prime divisors of an integer m by ω(m), then we can find a lower bound for P (a n − 1) in terms of u n and ω(a n − 1) as follows. We have P (a n − 1) ω(a n −1) ≥ P (u n ) ω(a n −1) ≥ u n , or equivalently log P (a n − 1) ≥ log u n ω(a n − 1)
.
Thus a lower bound for u n and an upper bound for ω(a n − 1) furnishes a lower bound for the greatest prime factor of a n − 1. By looking at the factorization of a n − 1 for different values of a and n (see the above table of prime factorization of 2 n −1 for 1 ≤ n ≤ 30), we speculate the following two statements regarding the factorization of a n − 1.
FIRST OBSERVATION:
The power-full part of a n − 1 is small. SECOND OBSERVATION: The number of prime factors of a n − 1 is small. These together with (1.1) imply that P (a n − 1) is large. The above argument can be quantified by using well-known conjectures. Here we recall the celebrated ABC conjecture and a conjecture of Erdős on ord p (a), the multiplicative order of an integer a modulo a prime p. (Erdős) . For an integer a and a positive integer r, let E a (r) = #{p prime; ord p (a) = r}. (Silverman) . Let a n − 1 = u n v n be the decomposition of a n − 1 as the product of the power-free part u n and power-full part v n . Then for any ǫ > 0, under the assumption of Conjecture 1.1, we have v n ≪ ǫ,a a ǫn .
Then for every
From this proposition we conclude that under the assumption of Conjecture 1.1, the power-free part of a n − 1 is large. More precisely for ǫ > 0 we have
We know that the normal order of ω(n) is log log n. From here we may speculate that ω(a n − 1) ≈ log n. However as a consequence of a theorem of Prachar we can show that ω(a n − 1) is greater than log n for infinitely many values of n. More precisely, in [10, Satz 2], Prachar proves that #{p prime; (p − 1) | n} ≥ exp c log n (log log n) 2 , for some c > 0 and for infinitely many n. This implies that there exists c > 0 such that ω(a n − 1) ≥ exp c log n (log log n) 2 , for infinitely many n. In [6] , Felix and Murty observed that ω(a n − 1) = #{p prime; p | a
So under the assumption of Conjecture 1.2, we have
The above observations are summarized in the following theorem (see [6, Section 5] ).
Theorem 1.4 (Felix-Murty). Under the assumptions of Conjecture 1.1 and Conjecture 1.2, for any
It is interesting to note that the small size of ω(a n − 1) plays a crucial role in the proof of the above theorem. In fact under the assumption of Conjecture 1.1 and by employing the unconditional upper bound ω(a n − 1) ≪ n/ log n and (1.1), we get P (a n − 1) ≫ ǫ,a n 1−ǫ , which is weaker than known unconditional bounds. So it was remarkable that in 2002, Murty and Wong [9, Theorem 1], without appealing to any bound for ω(a n − 1), could prove the following theorem.
Theorem 1.5 (Murty-Wong).
Under the assumption of Conjecture 1.1, for any ǫ > 0, we have
The sequence a n − 1 is an example of a divisibility sequence. A sequence
In this paper, under certain conditions, we extend Murty-Wong's theorem to divisibility sequences other than a n − 1. Our first generalization is a function field analogue of Theorem 1.5. Let F q be a finite field of characteristic p. For b(t) ∈ F q [t], let G(b(t)) be the greatest of the degrees of the irreducible factors of b(t). Then we ask how large can G(a(t) n − 1)
be? Here we prove the following result related to this question.
be a polynomial that is not a perfect p-th power. Let
Then for ǫ > 0 we have the following assertions.
(ii) There is a constant C = C(ǫ, q, a(t)) such that for all primes ℓ ≤ x, except possibly o(x/ log x) of them, we have
(iii) Assume that for all integers d ≥ 1 the generalized Riemann hypothesis (GRH) holds for the Dedekind zeta function of
Remarks 1.7. (i) Following the proof of Part (i) of the above theorem we can show that an assertion similar to Part (i) holds for G(a(t) n − 1), as long as integer n belongs to
where ǫ > 0 is a fixed constant.
(ii) Unlike Theorem 1.5, Parts (i) and (ii) of the above theorem are unconditional. This is due to a known version of the ABC conjecture, due to Mason, for the function fields (see Theorem 2.1). The condition that a(t) is not a perfect p-th power is needed for application of Mason's theorem.
(iii) The above theorem establishes an intimate connection between the growth of degree of G(a(t) n − 1) in a function field F q [t] and the multiplicative order of integer q modulo n. This is a common feature in many function field problems that their study ties together with the study of problems in integers. A notable example is the appearance of Romanoff's theorem in Bilharz's proof of Artin's primitive root conjecture over function fields (see [11, Chapter 10] ). (iv) The function ord n (q) has an erratic behavior, and although most of the times it is large it can take small values too. For example if we assume there are infinitely many Mersenne primes then there are infinitely many primes ℓ for which ord ℓ (2) is as small as log ℓ. (v) Part (iii) of the above theorem is comparable with Murty-Wong's theorem (Theorem 1.5). However the statement is weaker in the sense that integers are replaced by almost all prime numbers. Also Part (iii) is conditional upon the GRH while Murty-Wong's is conditional upon the ABC conjecture. It is debatable which one of these conjectures is harder than the other. (vi) Note that G(a(t) n − 1) when n is a multiple of p behaves differently, as G(a(t)
Our next example of a divisibility sequence is related to elliptic curves. Let E be an elliptic curve given by the Weierstrass equation
where A, B ∈ Z. Let E(Q) be the group of rational points of E. It is known that any rational point on E has an expression in the form
68])
. Let Q be a rational point of infinite order in E(Q). The elliptic denominator sequence (d n ) associated to E and Q is defined by
One can show that (d n ) is a divisibility sequence.
Example 1.8. Let E be given by y 2 = x 3 − 11. Then Q = (3, 4) is a point of infinite order in E(Q) A glance at the above table shows that assertions similar to Observations 1 and 2 for a n − 1 may hold for d n . In fact, following an argument similar to the case a n − 1, one may speculate that, for any ǫ > 0, we have
where the implied constant depends on E, Q, and ǫ.
We will prove the following conditional lower bound for P (d n ) for certain elliptic curves. Theorem 1.9. Let E be an elliptic curve over Q of j-invariant 0 or 1728. For a point of infinite order Q ∈ E(Q), let (d n ) be the elliptic denominator sequence associated to E and Q. Assume Conjecture 1.1. Then for any ǫ > 0 we have
Some authors call the above sequence (d n ) an elliptic divisibility sequence. We decided to call them elliptic denominator sequences to differentiate them from the classical elliptic divisibility sequences defined and studied by Ward [17] . A divisibility sequence (w n ) is called an elliptic divisibility sequence if w 1 = 1 and, for n > m, (w n ) satisfies the recurrence w n+m w n−m = w n+1 w n−1 w 4 . An elliptic divisibility sequence is called non-singular if w 2 w 3 Disc(w) = 0. There is a close connection between non-singular elliptic divisibility sequences and elliptic curves. More precisely a theorem of Ward states that for any non-singular elliptic divisibility sequence (w n ), there exist an elliptic curve E and a point Q ∈ E(Q) such that (w n ) can be realized as the values of certain elliptic functions on E evaluated at Q (see [17, Theorems 12 .1 and 19.1]) . Moreover E and Q can be explicitly constructed in terms of w 2 , w 3 , and w 4 (see [14, Appendix A]). We call the pair (E, Q) given in [14, Appendix A], the curve point associated to (w n ). In addition if (d n ) is the denominator sequence associated to E and Q, we can show that d n | w n . As an immediate consequence of Theorem 1.9 and relation d n | w n we have the following result. Corollary 1.10. Let (w n ) be a non-singular elliptic divisibility sequence with the associated curve point (E, Q). Suppose that E has j-invariant 0 or 1728 and Q has infinite order. Then under the assumption of Conjecture 1.1 we have
for any ǫ > 0, or equivalently
In Section 2 we prove Theorem 1.6. The proof of Theorem 1.9 is given in Section 3. Notation 1.11. Throughout the paper p and ℓ denote primes, q = p r , F q is the finite field of q elements, F q [t] and F q (t) are the ring of polynomials and the function field with coefficients in F q . We let ord p (a) be the multiplicative order of integer a modulo p. The letter π denotes either a rational prime or a monic irreducible polynomial in F q (for simplicity we write π(t) as π in this case). For a polynomial b(t) ∈ F q [t], we let G(b(t)) be the greatest of the degrees of the irreducible factors of b(t). For a monic irreducible polynomial π and a polynomial a(t) ∈ F q [t] we let o π (a) be the multiplicative order of a(t) modulo π. For an elliptic curve E defined over Q and a good prime π, we denote the number of points of reduction modulo π of E by n π (E). We denote the group of Q-rational points of E by E(Q) and the discriminant of E by ∆ E . We let o π (Q) be the order of the point Q ∈ E(Q) modulo π. We denote the elliptic denominator sequence associated to E and Q by (d n ) and we let D n be the primitive divisor of d n . The functions τ (n), ω(n), and P (n) are the divisor function, the number of distinct prime divisors function, and the greatest prime factor function. For two real functions f (x) and g(x) = 0, we use the notation
| is bounded by a constant, depending on a parameter s, as x → ∞. Finally we write f (x) = o(g(x)) if lim x→∞ f (x)/g(x) = 0.
POLYNOMIAL CASE
In this section we assume that a, b, c are polynomials in F q [t] , where F q is the finite field of q = p r elements. (For simplicity from now on we drop the variable t in our notation for polynomials.) We denote a monic irreducible polynomial by π, and we call such a polynomial a prime polynomial. We need the next three lemmas in the proof of Theorem 1.6.
The following assertion, which is analogous to the ABC Conjecture, holds in F q (t).
Lemma 2.1 (Mason) . Let a, b, c ∈ F q [t] be relatively prime polynomials that are not all perfect p-th power. If c = a + b,
Proof. See [7, p. 156] .
We let C 1 = a−1 and C ℓ = (a ℓ −1)/(a − 1), where ℓ is a prime integer. For a prime polynomial π, we denote the multiplicative order of a mod π by o π (a). Then for a π, where π ∤ a, and a prime ℓ = p, we have
1) The first part of the next lemma can be considered as an analogue of the prime number theorem in function fields.
Lemma 2.2. Let π denote a prime in F q (t). (i) For positive integer k, we have
(ii) For positive integers k and N we have
(ii) From Part (i) we have
Recall that for an integer m we denote the multiplicative order of m modulo ℓ by ord ℓ (m). The next lemma provides information on the size of ord ℓ (m).
Lemma 2.3 (Erdős-Murty).
Let m ∈ Z \ {0, ±1}. Then we have the following statements.
(i) Let ǫ : 
Proof. These are Theorems 1 and 4 in [5] .
We are ready to prove Theorem 1.6.
Proof of Theorem 1.6. Let ℓ be a prime different from p. We start by setting C m = U m V m , for m = 1 and ℓ, where U m is the power-free part of C m and V m is the power-full part of C m . (Recall that C 1 = a − 1 and C ℓ = (a ℓ − 1)/(a − 1).) Observe that (a ℓ − 1) + 1 = a ℓ . Thus, since a is not a perfect p-th power, by Lemma 2.1 we have
Thus we have m|ℓ deg(U m ) ≫ a ℓ, where the implied constant depends on a.
From here, we have ord ℓ (q) .
Applying the latter inequality in (2.2), under the assumption of ord ℓ (q) ≥ ℓ α yields ℓ ≪ a 1 + G(a ℓ − 1) ℓ α q G(a ℓ −1) .
From here (i) follows. For (ii) it is enough to observe that, by Part (i) of Lemma 2.3, the set of primes ℓ with ord ℓ (q) ≥ ℓ 1/2 has density one. For (iii) we note that, by part (ii) of Lemma 2.3, under the assumption of GRH, the set of primes ℓ with ord ℓ (q) ≥ ℓ/ log ℓ has density one.
ELLIPTIC CURVE CASE
We review some properties of elliptic denominator sequences associated to elliptic curves and rational points on them. Let E be an elliptic curve defined over Q. We assume that E is given by a Weierstrass equation whose coefficients are integers. We denote the discriminant of E by ∆ E . Let Q be a point of infinite order in E(Q), and O denote the point at infinity. For a prime π ∤ ∆ E in Q, let o π (Q) denote the order of the point Q modulo π. In other words o π (Q) is the smallest integer m ≥ 1 such that mQ ≡ O (mod π). Let n π (E) be the number of points of reduction modulo π of E over the finite field F π .
Recall that the elliptic denominator sequence (d n ) associated to E and a non-torsion point Q ∈ E(Q) is defined by nQ = (a n /d 
